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Instruction:
By taking this paper you have made the decision to take a journey in discovering a different method for teaching a topic that is well known but not easily understood. We are going to tackle Pascal’s Triangle, find its roots and reveal a new method for teaching it. This lesson is considered as a refresher/refinement and is best implemented in tenth grade Geometry as well as eleventh grade Algebra II/Trigonometry.
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Relevant Standards:
The following is the Common Core Standard applicable to this lesson:
· 





A-APR.5: Know and apply the Binomial Theorem for the expansion of  in powers of  and  for a positive integer , where  and  are any numbers, with coefficients determined for example by Pascal’s Triangle. 

The following are the New York State Standards applicable to this lesson:

· A2.S.9:  Differentiate between situations requiring permutations and those requiring combinations
· A2.S.11: Calculate the number of possible combinations of n items taken r at a time.
Instructional Objectives:
At the completion of this lesson students will be able to successfully complete the following:
· Find the historical information regarding this pattern 
· Observe how this pattern is similar to probability
· Discover the three properties which generate Pascal’s Triangle
Instructional Protocol:
The method for this lesson is based around refinement. We all know the pattern but what can we say about it and how it is derived. There is also a level of discovery focused around the formula of Pascal’s Triangle. This is a generic timeline for the progression of this lesson:
· Introduction
· Refresh the Triangle and A Brief History
· The 3 Properties and “Bring on the M&M’s”
· Why We Care



Pascal’s Triangle in Living Color:
This lesson takes advantage of prior knowledge students have about Pascal’s Triangle. We will then supplement that knowledge by providing an explanation for how long this topic has been around as well as mention other mathematicians who have studied this in the past. This will also lead to a discovery of the unique circumstances by which Pascal came to have the pattern named after him.

After this has been accomplished the explanations behind the meaning of each of the properties will be provided. Completing this will provide an opportunity for students to be able to descriptively state the meaning behind the symbols, which compose the properties. This will be accomplished by using activities. Lastly, we will avoid the issue that is associated with making an activity just like play time by showing the math, which the activity is based on.

How would this lesson be implemented in a classroom?
This lesson is implemented into a classroom most easily by dedicating a specific day to review the material. An affective method for proceeding with this lesson is to take advantage of PowerPoint. The best way to proceed is to begin by presenting exactly what Pascal’s Triangle is.

We recommend proceeding by discussing the historical facts and information associated with the triangle. You can build up interest and suspense by bringing up the point that the Triangle was found independently over many continents. Also, students will be intrigued by the fact that Pascal originally used it for gambling purposes. 

Successfully doing this creates a spark of interest that will lead the students to inquire more about the pattern. This is good and it easily sets up the opportunity to explain, in detail, the properties associated with the pattern. By accomplishing this we have laid the foundations upon which to build the activity

History (Mathematicians prior to Pascal)
Pingala:Pingala had initially been studying rhythm. This in turn led him to study poetic meters and fixed variables. This was noted in his book Chandahsutra. Also due to this studying of rhythm and poetic meters he discovered the unique pattern that is Pascal’s triangle.

Yang Hui:The Triangle was used by Huiin the 11th century China as a means to extrapolate the cubic and square roots of numbers. 

Omar Khayyam:Khayyam studied Pascal’s triangle and was the first to have a realization that a cubic equation has more than one solution. He was also interested in discovering a method that would allow him to find the nth roots of a binomial expansion, which led to the binomial coefficients.



Blaise Pascal: Pascal was not the first man in Europe to study the binomial coefficients, and never claimed to be such; indeed, both Pascal and his father Etienne had been in correspondence with Father Marin Mersenne, who published a book with a table of binomial coefficients in 1636. Pascal was also intrigued by this for his work on the Points Problem and as a method to determine gambling and fair deviation of money.


Activity 1:

Materials:		5 different colors of M&Ms

Time Required:	2 minutes

Objective:		To provide a hands on discovery of how 

Preparation
The only preparation needed is to bring 5 different colors of M&Ms to class. If you choose to do this activity at the front of the class or by having a student come up to manipulate the M&Ms, you do not need more than 5.  However, if you decide to let students themselves do this activity, you will need at least 5 M&Ms for each group of students. 


Procedure
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“At the board”
· Place the M&Ms on an Elmo (if you have one) or tape them to the board so the whole class can see them. 
· Have a student come up and find the number of ways to arrange the M&Ms such that every color is used once (there will be only one way).
· Have a different student come up and find the number of ways to arrange the M&Ms so that no colors are used (there will be only one way)
In groups
· Break the students into small groups (no more than 3).  
· Give each group a package of M&Ms 
· Have the groups find the number of ways to arrange their M&Ms such that every color is used once (there will be only one way).
· Have the groups also find the number of ways to arrange their M&Ms such that no color is used (there will be only one way.


This activity should take no more than 2 minutes if at the board, and no more than 4 minutes if groups in groups.

Significance
This activity gives a visual, verbal and tactile representation of combinations and how they relate to Pascal’s Triangle.

Activity 2:

Materials:		Sandwich bags  (6-15 depending on class/group size)
			10 M&Ms of each of the 5 out of 6 colors per bag (50 per bag)

Time Required:	10-15 minutes

Objective:		To provide a hands on discovery of how .

Preparation
This phase will consist of collecting a large amount of M&Ms as well as snack bags and sandwich bags; from here we suggest that you select five of the six colors (having five colors is faster than six, also six makes the activity and little too difficult).After selecting your 5 colors, place 10 M&Ms of each of those colors in a sandwich bag. There should be a bag for every 3-4 students

Procedure
Divide your class into groups of 3 or 4 and distribute the packages of M&Ms (one to each group).  Assign each group to either find all color combinations by choosing 2 colors out of the given 5, or to find all color combinations by choosing 3 colors out of the given 5. The first option is , and the second is .  They will both come out to be 10 combinations. 

Significance
This activity shows that the number of ways to pick 3 objects from 5 is the same as picking the other 2. Not only does this fact help generate Pascal’s Triangle, but it is a very important property in probability which is highly applicable to real life. 


Activity 3:

Materials:		Sandwich bags  (6-15 depending on class/group size)
			10 M&Ms of each of the 5 out of 6 colors per bag (50 per bag)

Time Required: 	10-15 minutes

Objective: 		To provide a hands on discovery of how  , 
			which is the property that can be used to generate Pascal’s Triangle




Preparation
This phase will consist of collecting a large amount of M&Ms as well as snack bags and sandwich bags; from here we suggest that you select five of the six colors (having five colors is faster than six, also six makes the activity and little too difficult).After selecting your 5 colors, place 10 M&Ms of each of those colors in a sandwich bag. There should be a bag for every 3-4 students

Procedure
Divide your class into 3 main groups.  If there are more than 4 students in each main group, we recommend you break each main group into subgroups. Distribute your premade bags of M&Ms to each group. 

Main Group 1 is to find all color combinations by choosing 3 different colors out of the given 5.  However, theycannot use red.  There will result in 4 combinations, which is . 
m

m

m

m

m

m

m

m

m

m

m

m





Main Group 2 is to find all color combinations by choosing 3 different colors out of the given 5.  However, they must use red.  This will result in 6 combinations, which is .
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Main Group 3 is to find all color combinations by choosing 3 different colors out of the given 5.  This will result in 10 combinations, which is . 

Provide the groups enough time to make progress, but if after 5-10 minutes they are still not finished, feel free to stop them and move onto the results and significance. 


Significance
The significance is that Group 3’s results are equal to the union of Group 1 and Group 2’s results. In other words, .  Not only is this an important result in probability, but it also allows us to generate Pascal’s Triangle. 



Overall, we can clearly see that Pascal’s Triangle is a topic that isn’t covered enough in most classrooms significantly in depth. This lesson is designed to spark interest in your students by bringing to light the historical context in which the Triangle was used, as well as providing multiple representations of how it can be applied to more than simply binomial expansions. And through this lesson, we were able to transform Pascal’s Triangle from black and white, to living color. 

Attached is a printed copy of the PowerPoint presentation which corresponds to the lesson.  If you would like the original file, feel free to send either of us an e-mail and we would be more than happy to accommodate you. 
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